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l}.BSTRACT 
10 A method for determining the resistance of frame structures composed of . 
elements having individual resistanceacdefcrma~9n characteristics of any 
monotonically increasing form that can be described graphically is presentedo 
The resisting moments in a structure which cOl'Tespond to a given set of 
displacements of the nloadedfi joints are f<;>'.md by a trial and error pro-
cedure made convenient by use of moment-end slope curves for the indi-
vidual members Ii» After the resisting moments ha.ve been obtained, the 
'corresponding set of loads required to produce the particular jomt dis-
placements are computed G 
2~ By solving a set of such problems, load-jo:i.nt displacement relation-
ships can be obtained for a range of loads 'or" conversely~ for a range 
of displacements~ 
30 The general natur e of the meth od is such that it is perhaps most 
useful in research applications~ 
. 40 A simplified procedure for the analysis of indeterminate frames 
us:ing moment distribution wi tIl bi-lmear approximati ons to the moment ... 
end slope relationships is presented in the appe~o 
PUBLICATION REVIEW 
This report has been reviewed and is approved~ 
FOR THE COM1ANDER~ 
~(j':r' WM. B 0 KIEFFER 
Colonel, USAF 
Deputy Commander 
iv 
A METHOD FOR THE ANALYSIS OF FRAMES SUBJECTED TO INELASTIC DEFORMATION 
INTO THE RANGE OF STRAIN HARDENING 
CONTENTS 
I. INTRODUCTION 
1. Introductory Remarks ......................•.......... 1 
.. 
2. Acknowledgment ...•.................................... 3 
3. Notation ............................................. ;-1-
II. BASIC RELATIONSHIPS FOR WIDE FLANGE SECTIONS 
4. Moment-Curvature Relationships .. ..................... 7 
5. Dimensionless Moment-End Slope Relationships .. .... .. 9 
III. THE ANALYTICAL METHOD 
6. Assumptions .......................................... 12 
7. Description of the Method ............................ 12 
IV· EXAMPLE PROBLEMS 
8. Example A: Single Story, Single Bay Frame .... ...... . 15 
9. Example B: Multi-Story, Multi-Bay Frame ............ . 18 
BIBLIOORAPHY ..... .. ..................................•............. 24 
APPENDIX: THE ANALYSIS OF INDETERMINATE FRAMES USING MOMENT DISTRIBU-
TION WITH A BI-LINEAR APPROXIMATION TO THE MOMENT-END SLOPE 
REU.TIONSHIl? ...•..•••........................... 0 ••••••• 38 
LIST OF FIGURES 
1. Typical Stress-Strain Relationship for ASTM 
A7 Steel ..•.......•........•..•.....•..............•.. 25 
2. Range of Moment-Curvature Relationships for 
WF Sections of ASTM A7 Steel (Expressed in terms 
of M ) ....••...•••... e .•••••••••••••••••••••••••••••••• 27 
e 
3. Range of Moment-Curvature Relationships for WF 
Sections of ASTM A7 Steel (Expressed in terms of 
MfP ) .••••••• • • • ••• • ••••.•••• • • • •• • ••• • •••.•••••• • ••••• 28 
4. Designation of Moments and Deformations of a 
Simply Supported Beam ............•.....•...•..••..• ,,' •. 29 
5. Moment-End Slope Relationships for WF Sections 
v 
of ASTM A7 Steel (For members with contraflexure) •.... 30, 31 
6. Moment-End Slope Relationships for WF Sections 
of ASTM A7 Steel (For members without contra-
flexure) ..•.......•••.•.•••.........•..........•..••.. 32 
7. Idealized Moment-End Slope Relationships for WF 
Sections of ASTM A7 Steel ............................. 47 
8. Inelastic Carry-Over by using Idealized Moment-End 
Slope Relationships for WF Sections of ASTM A7 
Steel ..........•...................•..••.•........•... 48 
vi 
LIST OF TABLES 
1. Relationships Between M/M and the Shape Factors 
for Representative Wide Flange Sections .•.............. 26 
2. Computation of Resisting Moments for Example A ....•..•. 33 
3. Computation of Resisting Moments for Example B ....•.... 35 
I 
I 
I 
i 
I 
! 
I 
! 
I j 
i 
I 
t 
I 
i 
f 
i 
A METHOD FOR THE ANALYSIS OF FRAMES SUBJECTED TO INELASTIC DEFORMATION 
INTO THE RANGE OF STRAIN HARDENING 
I. INTRODUCTION 
1. Introductory Remarks 
Analyses of indetenninate frame structures subjected to inelastic 
deformations are usually based upon moment-curvature relationships which 
are flat after the "fully plastic" resistance of the member has been 
2* developed. This assumption of elasto-plastic resistance is a good 
approximation to the actual behavior of mild steel members of such 
proportions, and conditions of loading and restraint that inelastic deformation 
is significantly affected by local buckling, lateral buckling, and/or general 
yielding over much of the length of the member considered. If there are no 
such limitations, however, the resistance of a member is related more directly 
to the stress-strain characteristics of the material under the particular 
time dependent conditions involved, so that for mild steel structural members 
strengths considerably greater than the "fully plastic" resistance can be 
obtained as a result of strain hardening. 
This report is concerned with a method by means of which indeterminate 
frame structures deformed inelastically can be analyzed considering the non-
linear behavior of the material including strain hardening. The stress-
strain relationship used for the examples given in this report is typical 
of that obtained for ASTM A-7 steel when tested according to ASTM specification 
A-370-54T. It is assumed that the maximum or "ultimate" strength of which 
the material is capable can be utilized by the structural members. 
* Numbers refer to entries in the Bibliography. 
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After trying several approaches to the problem, including the 
6 
method of angle changes and curvature centroid, and a slope-deflection 
procedure, the modified "moment distributionJl procedure presented in this 
report was decided upon. Basically, the procedure used involves assuming 
displacements of the "loaded" joints, and the general deflected shape of 
the structure, and finding the resistance of the structure to that 
particular deformation pattern assuming that reversal of strain does not 
occur any place in the structure. The practicability of the method. depends 
upon a convenient means of relating the resistance of a member to its 
deflected shape. In this method, the reSisting moments at the ends of a 
member are related by graphical representation to the end slopes of the member. 
Using these relationships, (which apply to any wide flange section within the 
limits of error given below) resisting moments can be found for the assumed 
deflected shape of the frame structure using an iterative trial and error 
procedure. After the resisting moments have been found, the combination of 
loads that could produce the assumed deflection configuration of the structure 
can be computed. 
The moment-curvature relationships presented in this report can 
be used with an error of less than ~ 3 per cent in the resisting moments 
for all structural wide flange sections. The magnitude of the error for the 
moment-end slope relationship as. a representation of the various wide flange 
sections has not yet been ~llly studied, but it is believed that the error 
is no greater than that of the moment-curvature relationship. 
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The method described above is not one that is likely to be generally 
applicable to the solution of problems involving the inelastic behavior of 
frame structures, but it is one which is Of value in connection with experimental 
research programs such as the one which has been in progress for several years 
at the University of Illinois under Contract AF 33(616)-170. 
A simplified procedure for the analysis of indeterminate frames 
using moment distribution with bi-linear approximations to the moment-end 
slope ~elationships is presented in the appendix. This method or one similar 
to it would be more sui table than the "bas iC" method for the routine analys is 
of indeterminate frames subjected to inelastic deformations, however, at the 
time of this writing no accurate determination of the errors involved in the 
use of the simplified procedure has been made. 
Neither of these methods takes into account the effect of semi-
rigid connections on the behavipr of the frame considered. It is expected 
that the procedures will be extended to include this effect as a part of 
the work under Contract AF 33(616)-3780. 
2. Acknowledgment 
The work which is described in this report was one phase of a pro-
ject being conducted in the Engineering Experiment Station of the University 
of Illinois in cooperation with the Wright Air Development Center and the 
Air Force Special Weapons Center, Department of the Air Force, under Contract 
AF 33( 616) -170. 
The project was carried on in the Structural Research Laboratory 
of the Department of Civil Engineering under the general direction of 
N. M. Newmark, Research Professor of Structural Engineering. The project 
is under the direct supervision of J. M. Massard, Research Assistant 
Professor of Civil Engineering. 
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The material presented in this report will form the basis of 
a dissertation to be submitted by tne first author, Mr. A. Ang, Research 
Assistant in Civil Engineering, to the Graduate College of the University 
of Illinois in partial fulfillment of the requirements for the degree of 
Master of Science in Civil Engineering. 
The authors wish to thank Mr. W. Egger, Research Associate in 
Civil Engineering, for his help with the study; and W. J. Hall, Research 
Assistant Professor of Civil Engineering, for reviewing the text of the 
report. 
3. Notation 
The following notation has been used in this report: 
Sectional ProEerties 
A area of the web of a rolled wide flange section 
w 
Afl :: area of the flanges of a rolled wide flange section 
d = depth of the section 
b = width of the flange 
w = thickness of the web 
t thickness of the flange 
I :::: moment of inertia a.bout the centroidal axis of the 
crOss section 
S section modulus of the section 
S.F. = shape factor of the section 
Loads 
P = applied lateral load 
M total moment at a section 
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OM :: increment of moment 
elastic ltmit moment of a section in member ij* 
= fully plastic moment of a section in member ij 
Mji : total moment at end j of member ji (See Fig. 4) 
~i :s fixed-end moment at end j of member j1 
Stresses 
a ::: static yield stress of the material 
e 
afl - stress in the flange 
E = modulus of elasticity 
Deformations 
I\. 
~j deflection of end i relative to tangent through end j. 
56 ::: increment of deflection 
PI ~ij = lateral deflection, ~j' required to produce fully plastic 
moment at joint 1 
eij ::: total ,angle change along the full length of member ij 
eij =: elastic limit angle change 
e 
eO elastic limit angle change of a particular member used 
e 
€ 
E 
e 
as·a standard unit of rotation in a problem 
end slope at end j of member ji 
total strain on any fiber 
elastic limit strain of the material 
€sh = strain at which strain-hardening begins 
a ::: curvature or 8Dgle change per unit length 
a % elastic limit curvature 
e 
*NOTE: Superscript ij designates the member considered. 
Subscript ij designates end i o:r member ij. 
-6-
constants 
Ke = elastic stiffness factor 
Ki = inelastic stiffness factor 
c z ratio of Ki to Ke 
C .0. :: carry-over factor 
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II. BASIC RELA.TIONSHIPS FOR WIDE FLANGE SECTIONS 
4. Moment-Curvature Relationships6 
The dimensional properties of a wide flange section which in-
fluence the resisting moment capacity were investigated. The computation 
of moments was based upon the following assumptions: 
1. A wide flange section can be idealized as being composed 
of three rectangular components. 
2. The strain is distributed linearly through the depth of 
the section. 
3. The stress-strain relationship for the material is the 
same in tension and compression, and the resistance of the member is 
directly dependent upon this relationship. (The stress-strain relation-
ship used is given in Fig. 1) 
4. The stress in the flange, 0fl' is the stress at the centroidal 
axis of the flange. 
as: 
where: 
Using these assumptions, the dimensionless moment may be expressed 
N 
A = 
w 
Afl= 
M 
Me = 
Aw 1 °fl (d - t) N--+---
Afl 2 C1e d 
a factor determined by the stress level and stress 
on the web; N = moment contributed bl the web 
°e 
A d 
w 
the area of the web or = d x w. 
the area of the two flanges or ::: 2(b - w)t. 
distribution 
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d = depth of the section 
t = thickne s s of the flange 
w = thickness of the web 
The maximum value of M/M occurs for those sections which have the 
e 
largest value of AwiAfl and the smallest value of (d - t)/d, and conversely, 
the minimum value of M/M occurs for sections with the smallest value of 
e 
AjAfl and the largest value of (d - t)/d, assuming that rJfl/O
e 
remains 
constant for all sections (which is the case at the "ultimate" stress con-
di tion where the error is maximum). For sections having different values 
of (d - t)Jd this ratio changes significantly if the inelastic slope of the 
stress-strain curve is large. A study of all of the wide flange sections 
indicates a maximum difference in the value of M/M of about 12 per cent 
e 
(maximum M/M = 2.165 for the 14 WF 426, and the minimum M/M = 1.920 for 
e e 
12 WF 40). The average moment-curvature relationship which is Fig. 2 
represents all of the wide flange sections with an error of less than + 
7 per cent. (The variation of the values of M/M
e 
within the ~ 7 per cent 
error in the relationship is almost exactly the same as that of the 
variation in the shape factors of the sections. These values are pre-
sented in Table 1.) The shape factors of the wide flange sections range 
from values of 1.08 to 1.23 and are given by the following equation. 
s. F. (2) 
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The resisting moment can therefore be better expressed in the form: 
M 
e 
x --
Mfp 
M 1 
=-x---Me S. F. 
It can be observed that the maximum difference between the various 
curves of M/MfP occurs where the slope of the stress-strain relationship is 
at a maximum immediately following general yielding since in this curvature 
region the stress distribution differs most from that of the fully plastic 
condition to which the curves have been related. As computed from the given 
stress-strain curve (Fig. l)} the values for M/Mfp for any of the wide flange 
sections vary by no more than 5 per cent throughout the entire r~ of 
curvatures. The average moment-curvature relationship shown in Fig. 3} which 
is based upon the fully plastic moment} can be applied to all wide flange 
sections with an error of not more than + 3 per cent in their resisting momentso 
5. Dimensionless Moment-End Slope Relationships 
It was shown in Section 4 that an average moment-curvature relation-
ship for all wide flange sections was in error from the actual resisting 
moment by no more than + 3 per cent if the comparison was made in terms of 
the rully plastic moment. Because of the reduction in error made possibly 
by this comparison} the moment-end slope relationships (shown in Figs. 4 
and 5) were also expressed in terms of fully plastic moments. 
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The derivation of the mament-end slope curves was based on the 
following assumptions: 
1. The members are prismatic, and there is no change in 
shear along the length of any member. 
2. Only flexural stresses are considered in the com:putation 
of the moment-curvature relationships. 
3. Clockwise end moments are posi ti ve . 
4. An end slope is positive if the rotation producing it 
is in the same direction as the end moment. 
5. Relative lateral displacements can be described in terms 
of an angle change times the original length of a member. 
With these assumptions, the dimensionless moment-end slope 
relationships were found in terms of M/MfI> and tp/ e e for a simply supported 
beam such as that shown in Fig. 4(8.). 
Knowing the moment at a section, the corresponding curvature can 
be found from the moment-curva.ture rela.tionship. The end slope for a 
particular set of moments can be expressed with reference to the curvature 
diagram in Fig. 4(b) a.s follows: 
and 
1J)ij = 
-ll-
These end slopes can be more easily obtained by using a numerical 
procedure 7 to integrate the curvatures along the full length of the member. 
Considering the simply supported beam of Fig. 4\a} as cantilevered at j and 
free at i, e and 6 .. can be obtained readily by numerica.:t integration. The lJ 
end slopes can then be computed as follows: 
and 
The mament-end slope relationships obtained for WF sections 
of ASTM A7 steel are given in Figs. 5 and 6. 
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III. THE AN.A..LYTICAL METHOD 
6. Assumptions 
The assumptions underlying the method of analysis are as follows: 
1. The moment-curvature relationship for a pure flexure has the 
shape shown in Fig. 3. 
2. The effect of axial forces, shearing forces.! and residual 
stresses on the moment-curvature relationship are negligible. 
3. ITLoadings" are assumed to be concentrated at the joints and 
are always increasing. There are no loads at any intermediate points of 
any member. (A load could be applied at an intermediate point on a member 
by considering that point as a joint.) 
4. Cmnnections are rigid. Full continuity is maintained so that 
moments up to and including the "ultimate" moments can be transmitted. 
5. There are no repeated loadings. 
7. Description of the Method 
The method of "moment distributiQn'1 as applied to elastic 
structuresl ,5 is based upon the principle of superposition. Moments can 
be added or subtracted as each joint is released, and the unbalanced moments 
distributed to the members meeting at the joint according to their relative 
stiffnesses (based upon the moment re~uired to produce an· e~ual rotation of 
each member meeting at the joint). Moments are "carried-over'1 to the 
opposite end of each member in proportion to its carry-over factor (the 
fixed end moment produced at the opposite end by a moment at the near end). 
The stiffness and carry-over factors are constants fOT each member in a 
given linearly elastic structure. 
In inelastic structures, however, the application of superposition 
is restricted. Moments can no longer be added or subtracted indiscriminatelYJ 
r 
i 
1 
i 
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a correct direction of moments must be known; the stiffnesses and 
carry-over factors must be those corresponding to the final end moments. 
As an alternative procedure, the moment at the near end, Mji, can 
be found that will produce the required rotation, qJji' at the near end with 
a given or assumed far end moment. In the final solution, equilibrium of 
forces and moments, and physical continuity must be satisfied. Since the 
joints are considered rigid, the end of each member meeting at a particular 
joint must rotate the same amount. The mcnnents that correspond to these 
end rotations can be determined quickly from the mament-end slope curves 
which were described earlier. 
There are perhaps many possible ways to proceed in the solution 
of a problem of this type. One of these will be described with reference 
to the following sketch. 
2----~------F_~~------~~------------~-------------6 B 
1 4 
At the start of the procedure, mangitudes of the far end. moments, ~, ~, 
~, and. M)A are assumed or known. The moments MAE' MAl' MA2, and MA3 are 
determined by trial and error from the moment -end slope relationships so that 
at A the end rotations of the members are equal; that is, tp:A.B = CPAl = 1J»A2 = 'PA3, 
-14-
and clockwise moments = counter-clockwise moments. Then proceeding to 
joint B, the moments are worked out the same way considering now that 
MAE is the far end moment of the member BA. This procedure is carried 
out joint by joint for several iterations until convergence within the 
desired accuracy bas been achieved. 
Two examples of the method are given in the following section. 
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IV. EXAMPLE PROBLEMS 
8. Example A: Single Story, Single Bay Frame. 
L 6AB _J ~ 
P ~ 14WF228 1--1 TB _----------,C 
i 
co 
: (\j 
0' (\j 
I ~ 
~1 J .-I 
. 77f;';7/ 
A 20 I _Ou I, 
Gi ven 6AB :: 2' _0
11 j Determine P. 
Properties of members: (14 WF 228) 
I = 2, 942 • 4 in. 4 
S = 36, . 8 in. 3 
Shape Factor ~ 1.16 
a = 32 ksi 
e 
E = 30,000 ksi 
M = 32 x 36,.8 = 11, ,,0 in. k 
e 
k Mrp : ll,770 x 1.16 = 13,653 in. 
co 
(\j 
(\j 
~ 
~ 
.-I 
77m7r 
~ 
The elastic limit angle changes are: 
B 14WF228 (15') ML 11,,770 x 15 x l2 e 
e 2EI= 2 x 30,000 x 2,942.4 : 
e l4WF228 (20 I) ML llz7,0 x 20 x 12 _ e 
= 2EI= 2 x 30,000 x 2,942.4 -e 
Ratio 0.016 1.333 r ::% Q.Ol2 = 
0.012 rad. 
0.016 rad. 
'j 
1 
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B 
--.-------......--
9 II 
A 
Deflected Structure and Direction of Moments 
2 15' B = 15 :z: 0.1333 rad. ::: 11.11 ee 
The fixed-end moments for the member AB are found from Fig 5a 
15' 
or 5b such that Mji :z: ~ :: ~ = Mij and (J)ji = ~AB :z: 11.11 Be • The 
corresponding fixed-end moments, ~ and ~ are found to be 1.61 Mrp. 
15' From Fig_. 5 with M-,~ = ~_:: O. and 1D __ = tlL_::: 1l.11 e . the fixed-end J.J -l:X; , I<t..;l) T Jl e " 
moment at C for member CD is found to be e qual to 1.22 Mrp. The se fixed-
end moments are considered as the assumed end moments for the columns AB 
and CD. The end moments for the girder Be are assumed to be zero. Next, 
joint B is "released", and the assumed moments at B are corrected a.s 
follows: 
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With the use of Fig. 5a or 5b, and trial-and-error, it is 
15' found that ~ = 1.23 Mfp corresponds to ~A = 2.00 8
e 
. Therefore, 
15 I 15' 15 I 0 15 I the rotation at B is 11.11 8 - 2.008 = 9.11 8 = 9.11 e. (8 
e e e e e 
is considered as e~ in this problem). For equilibrium of forces, MEc also 
should be 1.23 Mfp ' which corresponds to a rotation at B of 6.75 8;°'= 9.00 e~. 
Therefore, ~A = ~ = 1.23 Mfp' The convergence of moments is shown below. 
+1.24 
+1.23 
0 
B C 
~rrl +1.23 ~I",N I'<"\C\J\.Q C\JC\JC\J 
+1.34 
. . . 
rlrlrl rlrlrl I , , I I I 
~~~I 
rlrlrl I I I I 0 
A 
Moments given in terms of fuJ.J.y plastic moment, Mfp 
The same procedure is used for every joint of the structure. 
All of the steps are given in Table 2. Convergence is obtained when the 
change in far-end moments computed during a cycle of iteration is no 
longer large enough to significantly affect the moments at the joints 
wi th respect to those c:cm.puted during the previous cycle. The structure 
with the final moments in ft-kips is given below: 
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+1411 
B 
+1524 C 
...:::j-
.--i 
(\J 
.--i 
If'\ ...:::j-
.--i .---i 
I I 
o 
D 
P 1,786 + 1524 1411 
= 15 + 15 
= 220. 66 + 94.07 
= 314.73 kips 
9. Example B: Mul ti -story, Multi -Bay Frame 
The two-story frame shown below will be solved for the lateral 
loa.ds, PI and P2' that will produce the given lateral displacements of 
2.5 ft. and 4.5 ft. at the first-and second-story level, respectively. 
P2 ~ 14WF68 D 14WF68 G 2nd Story 
CD CD "0 ~ ~ I 0 If'\ 
PI 
.---i .--i r-l 
14WF84 E 14WF84 K 1st Story >B 
0\ 0\ 
"0 co co 
~ ~ I 0 
r-l .---i 
25'-011 25'-0" 25'-0 11 
Given: 6 AB = 2.5 ft. j 6AC 4.5 ft.; Find. PI and P 2 
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Properties of Members: 
I: s: Shape Factors: 
14WF84: 
4 3 928.4 in. 130.9 in. 
14WF68: 
4 3 724.1 in. 103.0 in. 
lOWF89: 
4 3 542.4 in. 99.7 in. 
Using (j lIE 32 ksi, 
e 
the Me and Mrp are: 
M 
e 
14WF84: 
"k 4,188.8 
14WF68: 3,296. 0 
uk 
1~89: 3,190. 4 
"k 
The elastic limit angle changes, e , are: e 
~ 
4,640 "k 
3, 670"k 
3,660 "k 
e 
14wr84 (25') _ 4,188.8 x 25 x 12 
e 2 x 30, 000 x 928. 4 :II: 0.023 rail. 
e 
14WF68 (25') :c: 3,296.0 x 25 x 12 :::: 
e 2 x 30, 000 x 72 4.1 o. 02 3 ra.d. 
e 
lOWF89 (15') 3,190·~ x 15 x 12 8 
e - 2 x 30, 000 x 5 42 . 4 = o. 01 re.d. 
R ti 
0.023 1.278 
a 0 r - (). oi8 :a 
1.107 
1.ll3 
1.146 
MO 
~ 
1.268 
1.003 
1.000 
-20-
A F J L 
Deflected Stru~ture and Direction of Moments 
2.5 66 _ 9.26 8 lOWF89 (15') 
81 • 15 - 0.1 7 r&d. - e 
2.0 7.41 810WF89 (15') 82 & 15 lC 0.1333 rad. :: e 
Fixed-end moments of the columns resulting fram the given 
displacements are found from Fig. 5. These I.IIIDJnents, which are given 
above in the first line of column moments, are considered as the initial 
assumed moaents for the columns. End moments of 1.0 Mfp are assumed 
for a.l.l beams. 
Starting with the assumed moments the "correct" mauents are 
determined by trial and error lteratic;m with the use of Figs. 5a or 5b. 
l 
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Joint B is arbitrarily taken as the starting point. The 
o 
end-moment, ~, is assumed to be 1.10 ~ = 1.10 Mf'p' From Fig. 5a 
or 5b, the end-slope ~ji 
and Mij :c MAE = 1.55 Mf'p 
= lP.BA corresponding to Mji :c ~ = 1.10 Mf'p 
is found to be 0.40 B BA. The rotation of 
e 
BA at B is therefore 9.26 9 BA - 0.40 9 BA 
e e 
8.86 9 BA or 8.86 9 o. 
e e 
(9 BA is considered as B 0 in this problem.) For continuity at 
e e 
joint B, the rotation of Be at B also must be e~ual to 8.86 9 0 = 
e 
BC BC 8.86 Be ,so that the end-slope ~C = -1.45 Be . The moment, MBc' 
corresponding to this end-slope and a far-end moment of 1.47 Mfp is 
0.46 Mfp (from Fig. 5a or 5b). From the chosen deflection configura-
tion ~:-= ~ + MBc = 1.10 ~+ 0.46 ~= 1.56 ~= 1.23 M:. The 
corresponding end-slope, 'BE' from Fig. 5a or 5b is 3.90 BeBE . The 
rotation is also 3.90 9 BE of 4.98 B o. Since the end rotations at 
e e 
joint B of members BE, RA, and Be are not equal, continuity at this 
joint has not been achieved. Therefore, the moments must be revised. 
The complete solution for moments is given in Table 3, and the con-
vergence of moments is shown below. 
2t2}~,...·~·9.¢t?iih.{;~~i#'~.~~r • ..I.t'~r.9"r~~":"""," ... ~ .-
Lr\~ Lr\ t- t---r-I r-I r1 ...:::I-
• • II " 
r-I r-f r-f ,....1 
I I I I 
CX)~ t<"'\ If\ r-f r-f r-f If' 
,...;,...;,...; ~i 
t I I , 
c 
+1.00 
+1.17 
+1.16 
+1.15 
t- 0 r-I r-f 
h ..:t \D Lr\ Lr\ 
+1.00 
+1.36 
+1.33 
+1.33 
~~~~ 
rlrlrlr-l 
I I , t: 
~i??W 
A 
+0.71 
+o.1f 
+0.88 
+1.00 D 
\O~$t-~ .~~ 
r-fr-fr-fr-f 
I t I I 
+1.09 
~ 
+1.09 
1.00 
CO~COr-f 0!0!0!~ 
dr-lrlr-f 
Ttl I 
+1.00 
+0.58 
+0.15 
+0.75 
Lr\ Lr\ 
t-(\Jrlrl 
.:::t~~.:::t 
. . . . 
rlrlr-lrl 
I I I I 
+1.00 
+1.04 
+1.04 
+1.04 
~I 
F 
+1.20 
+1.20 
+1.20 
+1.00 G 
010 ° t-(\J(\J(\J~ 
. . . . 
r-Ir-fr-lr-l 
I I I I 
+1.04 
+1.04 
+1.05 
+1.00 
CX)~ ~ rl 0! 0! 0! t<". 
rlrlrlrl 
I I I I 
+1.00 
+1.04 
+1.05 
+1.05 
J 
MaDents given in terms of fully plastic moment, M~ 
+1.1i5 
+1.135 
+1.14 
+1.00 
*~. Lr\ ~ .~ . 
r-frlrlr-f 
t r I I 
K 
Lr\ t<'\ t<'\ t<'\ 
Lr\ Lr\ Lr\ Lr\ 
r-frlr-fr-f 
, , I I 
L 
~ 
I 
-23-
The structure with the fin&l ·:mcaents in ft. -~11 is 
shown belav. 
P2 c +217 D +367 G 
~ 
+352 \0 +229 t-
-.::t ~ -.::t C\J I , 
1<\ ~ 0\ I l.r\ l.r\ ,....j 
PI r-1 
~ ..:t 
B I +421 I +402 I +439 ,. 
K 
+515 &; +406 0\ 
~ f'<\ f'<\ ~ 
f'<\ I I 
I 
rl t-l.r\ ~ -=t I 
/, 
A F J L 
352 + 155 446 + 432 367 + 419 
p 2 • 15 + 15 + 15 
• 144.73 
P ;60.+ 451 390 390 439 + 461 _ 1 1,1, 73 1 • 15 + I5 + 15 + 15 ~. 
• 166.47 - 144.73 
""'.. ...1. 'L~ __ 
• ~. (&t .L4pB 
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TABLE 1 
RELATIOIfSHIPS BETWEEN M/M AND THE SHAPE FACTORS FOR 
e 
REPRESENTATIVE WIDE FLAmE SECTIONS 
SECTIOIm Shape € M - M Factors € 
e e 
36WF300 1.133 16 1.218 
10045 1.133 16 1.217 
14wn67 1.134 16 1.229 
8wF48 1.134 16 1.222 
36wF300 1.133 60 1.645 
16WF45 1.133 60 1.630 
14wn67 1.134 60 1.656 
8wF48 1.134 60 1.649 
36WF300 1.133 150 1.992 
16WF45 1.133 150 1.982 
1 4WFl 67 1.134 150 2.002 
8wF48 1.134 150 1.994 
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TABLE 2 
COMPurATION OF RESISTING K>MENTS FOR EXAMPLE A 
Clcle No. 1: 
Mij CPij ROTATION AT JOINT JOINT ij M~j e ij .::,.. eiJ .!.. eO 
fp e • e • e 
B BA Ass. 1.20 1.50 9.61 9.61 
BC 1.20 6.00 6.00 8.00 
B BA Ass. 1.22 1.85 9.26 9.26 
BC 1.22 6.50- 8.66 8.66 
B BA Ass. 1.23 2.00 9.11 9.11 
BC 1.23 6.75 9.00 9.00 
C CD Ass. 1.15 4.75 6.36 6.36 
CB 1.15 2.15 2.15 2.87 
c CD Ass. 1.20 6.00 5.11 5.11 
CB 1.20 2.90 2.90 3.86 
c CD Ass. 1.23 6.75 4.36 4.36 
CB 1.23 3.35 3.35 4.46 
A AJ3 1.55 11.11 0 0 
Clc1e No. 2: 
B BA Ass. 1.23 2.15 8.96 8.96 
BC 1.23 3.35 3.35 4.46 
B BA Ass. 1.30 3.35 7.76 7.76 
BC 1.30 4.55 4.55 6.06 
B BA Ass. 1.32 3.70 7.41 7.41 
BC 1.32 4.95 6.60 6.60 
B BA Ass. 1.34 4.10 7.01 7.01 
BC 1.34 5.35 7.13 7.13 
C CD Ass. 1.23 6.75 4.36 4.36 
CB 1.23 3.00 3.00 4.00 
C CD Ass. 1.24 7.00 4.11 4.11 
CB 1.24 3.15 3.15 4.20 
A PJ3 1057 11",11 0 0 
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TABLE 2 (Continued) 
Clc1e No. 3: 
Mij q>ij RarATION AT JOINT JOINT ij ij E1 ij . G ij . eO M:rp e * e . e 
B BA Ass. 1.34 4.00 7.11 7.11 
BC 1.34 5.35 5.35 7.13 
c CD Ass. 1.24 7.00 4.11 4011 
CB 1.24 3.15 ~.15 4.20 
A AJ3 1.57 
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TABLE 3 
COMPUTATION OF RESISTING MOMENTS FOR EXAMPLE B 
C~le No. 1: 
JOINT 1j M1j i1 ·ij R<JrATION JOINT MO eij .:.6lJ ~ eO fp Mfp e • e ~ e 
B BA Ass. 1.10 1.10 0.40 8.86 8.86 
BC 0.46 0.46 -1.45 8.86 8.86 
BE 1.56 1.23 3.90 3.90 4.98 
B BA Ass. 1.15 1.15 1.00 8.26 8.26 
BC 0.76 0.76 -0.85 8.26 8.26 
BE 1.91 1.51 10.80 10.80 13.80 
B BA Ass. 1.1; 1.13 0.75 8.51 8.51 
:oc 0.60 o:bO -1.10 8.51 8.51 
BE 1.73 1.36 6.50 6.50 8.31 
A AB 1.48 1.48 9.26 r. f'\ v v 
C CB Ass. 1.30 1.30 6.30 1.11 1.11 
CD 1.30 1.30 5.25 5.25 6.71 
C CB Ass. 1.20· 1.20 4.15 3.26 3.26 
CD 1.20 1.20 3.40 3.40 4.34 
C CB Ass. 1.18 1.18 3.80 3.61 3.61 
CD 1.18 1.1B 3.10 3.10 3.96 
C CB Ass. 1.17 1.17 3.60 3.81 3.81 
CD 1.17 1.17 2.90 2.90 3.71 
D DE Ass. 1.46 1.46 7.20 0.21 0.21 
rc 0.92 0.92 0.16 0.16 0.21 
I 0.54 0.54 0.08 0.08 m 0.10 
D DE Ass. 1.465 1.465 -7.25 0.16 0.16 
rc 0.88 0.88 0012 0.12 0.15 
00 0.585 0.58 0.12 0.12 0.15 
E ED Ass. 1.30 1.30 3.80 3.61 3.61 
EF 1.185 1.185 5.65 3.61 3.61 
EB 1.55 1.22 2.82 2.82 3.60 
EH 0.935 0.74 0.22 0.22 0.28 
E ED Ass. 1.40 1.40 5.80 1.61 1.61 
EF 1.265 1.265 7.65 1.61 1.61 
EB 1.42 1.12 1.26 1.26 1.61 
I Eli 1.245 0.98 0.43 0.43 0.55 1.43 1.43 ' -- " ..... ., E ED Ass. o.:;>u 0.91 V.';1.l.. 
EF 1.28 1.28 8.35 0.91 0.91 
EB 1.37 1.08 0.71 0.71 0.91 
EH 1.34 1.06 1.25 1.25 1.60 
E ED Ass. 1042 1.42 6.25 1.16 1.16 
I 
EF ., nO :;--;:;tr A '1"1 , , h 1 .. 16 .J..~U ..1..c;;.v V.J..V .... --'-'" 
EB 1.38 l·ot 0.91 0.91 1.16 EH 1.32 1. 0.95 0.95 1.21 
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TABLE 3 (Continued) 
M1j 14 lPij ROI'ATION JOINT JOINT ij M 0 M J e-1J I rj .:. eO fJ? f;p e . e .. e 
G GH Ass. 1.30 1.30 3.80 3.61. 3.61 
GD 1.30 1.30 6.35 6.35 8.12 
G GH Ass. 1.20 1.20 2.10 5.31 5.31 
GD 1.20 1.20 4.20 4.20 5.37 
H HG Ass. 1.35 1.35 5.65 1.76 1.76 
HJ 1.26 1.26 7.50 1.76 1.76 
HE 1.36 1.075 1.40 1.40 1.76 
HK 1.25 0.98 0.42 0.42 0.54 
H HG Ass. 1.37 ~ 6.10 1.31 1.31 HJ 1.275 1.2 7.95 1.31 1.31-
HE 1.33 1.05 1.02 1.02 1.31 
HK 1.315 r:04 1.00 1.00 1.28 
K KH Ass. 1.40 1.10 1.80 1.80 1.80 
KL 1.40 1.40 5.30 3.96 3.10 
K KH Ass. 1.45 1.14 2.40 2.40 2.40 
KL 1.45 1.45 6 .. 50 2.76 2.16 
L LK 1.53 1.53 9.26 0 0 
Cycle No. 2: 
B BA Ass. 1.15 1.15 1.30 7.96 7.96 
Be 0.21 0.21 -0.55 7.96 7.96 
BE 1.36 1.07 1.25 1.25 1.60 
B BA Ass. 1.18 1.18 1.65 7.hl 7.61 
Be 0.51 0.51 -0.20 7.61 7.61 
BE 1.69 1.33 5.70 5.70 7.29 
A AB 1.48 1.48 9.26 0 0 
C CB Ass. 1.17 1.17 3.80 3.61 3.61 
CD 1.17 1.17 3.10 3.10 3.96 
C CB Ass. 1.165 1.165 3.75 3.66 3.66 
CD 1.165 1.160 2.95 2.95 3.77 
D DE Ass. 1.47 1.47 7.70 -0.29 -0.29 
OC 0.47 0.47 -0.23 -0.23 -0.29 
IX} 1.00 1.00 +0.25 +0.25 +o.~ 
D DE Ass. 1.46 1.46 7.40 0.00 0.00 
OC 0.71 0.71 0.00 0.00 0.00 
ro 0.75 0.75 0.00 0.00 0.00 
I 
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TABLE 3 (Continued) 
Mi,1 M1j tpij ROTATION JOINT 
JOINT ij M 0 Mij e-ij ..:.. e-ij .!.. eO 
f1J !R e • e • e 
E ED Ass. le42 1.42 6.25 1.16 1.16 
EF 1.28 1.28 8.10 1.16 1.16 
EB 1.37 1.08 0.91 0.91 1.16 
EH 1.33 1.05 1.05 1.05 1.34 
E ED Ass. 1.415 1.415 6.15 1.26 1.26 
EF 1.28 1.28 8.00 1.26 1.26 
EB 1.38 1.09 0.99 0.99 1.26 
EH 1.315 D54 0.95 0.95 1.21 
G GD Ass. 1.20 1.20 3.85 3.85 3.85 
GH 1.20 1.20 2.40 5.01 3.92 
H HG Ass. 1.37 1.37 6.10 1.31 1.31 
HJ 1.27 1.27 7.95 1.31 1.31 
HE 1.33 1.05 1.02 1.02 1.31 
HK 1.31 1 0 03 0.25 0.25 0.32 
H HG Ass. 1.38 1.38 6.35 1.06 1.06 
HJ 1.28 1.28 8.20 1.06 1.06 
HE 1.31 1.035 0.83 0.83 1.06 
EX 1.35 1.065 1.10 1.10 1.40 
H HG Ass. 1.375 1.375 6.25 1.16 1.16 
HJ 1.28 ~ 8.10 1.16 1.16 
HE 1.32 1.04 0.91 0.91 1.16 
HK 1.335 1.05 0.90 0.90 1.15 
K KH Ass. 1045 1.14 2.40 2.40 2.40 
Ia.. 1.45 1.45 6.60 2.66 2.08 
K KH Ass. 1.44 1.135 2.20 2.20 2.20 
KL 1.44 1.44 6.40 2.86 2024 
L LK 1.53 1.53 9.26 0 0 
C~c1e No. 3: 
By inspection} it is obvious that only the fa.r-end moments 
of joint C have significant changes, therefore only the 
end~aments at this joint need be modified. 
C CB Ass. 1.165 1.165 3.70 3.71 3.71 
CD 1.165 1.160 3.20 3.20 4.09 
C CB Ass. 1.155 1.152 3.40 4.01 4.01 
CD 1.155 1.15 3.05 3.05 3.90 
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KPPENDIX 
ANALYSIS OF FRAMES SUBJECTED TEl EXTENSIVE INELASTIC 
DEFORMATIONS USING MOMENT DISTRIBUTION WITH A 
BI -LINEAR APPROXIMATION TO THE MOMENT-END 
SLOPE RELATIONSHIPS 
The moment-end. slope relationships presented in Fig. 5 show that 
the stiffness and carry-over factors for a beam vary for end moments 
exceeding those representing the :fully plastic condition. The stiffness 
corresponding to a particular set of final moments in a structural member 
is represented by the slope Of the moment-end slope relationship at the 
particular point; and the carry-over moment, by the increase in Mji as 
Mij changes from one value to another withq>ji remaining constant. The 
inelastic stiffnesses range from 0.00 to 0.07 of the elastic stiffness, and 
the carry-over factors range from 0.00 to 0.50. It can be observed also 
that these distribution factors are dependent upon the moments at both ends. 
In order to extend the classical method of moment-distribution 
into the inelastic range for frame structures subjected to lateral deformations, 
these distribution factors must be constant for the entire inelastic range, 
and must be independent of the condition at the far end of a member. 
Aside fram the assumptions underlying the exact method of analysis 
given in Section 6, the mament-distribution procedure presented in this 
Appendix is based upon the following additional assumptions (Refer to Fig. 7): 
1. The Moment-End dlope curves can be idealized as a family of 
parallel straight line segments. 
2. The intervals between successive curves representing equal 
increments of Mij are equal. 
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Based upon these assumptions, the distribution factors are 
constant throughout the inelastic range and independent of the magnitude 
of the far-end moment. Expressions for these factors can be deduced with 
reference to Figs. 7 and 8 as follows: 
I. Stiffness: (Moment required at the near end to produce a unit 
rotation of the near end with no variation of the 
moment at the far end) 
1. 
2. 
Elastic Stiffness ::: K e 
where: K ::: 4EI for far-end. fixed e L 
K ::: 3EI for far-end. hinged. 
e L 
Inelastic Stiffness ::: K1 ::: cK 
_ e 
Where: c::: 0.03 or 0.035 (average inelastic slope of 
moment -end slope curve s ) 
II. Carry-overs (Refer to Fig. 8): (The fixed end moment produced 
at the far end by application 
of a moment to the near end.) 
1. If far -end moment < Mfp; C.o. :: 0.5 
2. If far-end moment :::: Mfp; C. o. ::: O. 5c 
III. Fixed-end moments due to increment of deformation 0.6: 
1. 
Where: ., 6EI Ke :: L for both ends fixed 
KeF ::: ~I for one end hinged and the other fixed. 
__ .F F ~ 
2. If M > Mfp; ~:: Ki • L 
M = final end moment due to ~ + 56. 
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a. Example -Problem: 
P 14WF228 
c 
co co 
0 C\l C\I (\J C\J 
I ~ ~ Lf'. 
,.....f ,.....f ,.....f 
A D 
r 
20' _0". ~I 
All members are 14 WF 228 
6 z: 2' -0", Determine the end-maments at the joints and. find P. 
Properties of members: 
14WF'228; I ::: 
S ::: 
4 2,942.4 in. 
367.8 in. 3 
Shape Factor:: 1 .. 16 
M :I: 
e 
32 ksi 
32 x 367.8 - il,770";' 
"k 'k il, TIO x 1.16 - 13,653 :: il38 
Outline of Solution: 
1. Determine the lateral deformation, tlA that will produce 
:AB' 
2. PE Determine the lateral. deforma.tiOll., ~, that will produce 
M~ at B. 
3. PC Determine the lateral deformation, ~.A:B' that will produce Mrp 
at c. 
4. Determine the moments at all joints due to 2 I _0" lateral 
deformation at B. 
1. FA To determine .6:AB : 
A 
+429.0 
+125.0 
- 53.6 
- 53.6 
+ 23.0 
+ 6.7 
- 2.9 
- ·2.9 
+ 1.2 
+472. 
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+540 B-------------. 
+730 
A 
o 
...::t 
l.f"\ 
I 
c 
o 
D 
+349 
+ 0.7 
- 1.4 
5.8 
+ 11.5 
+ 13.4 
- 26.8 
-107.2 
+214.5 
+250.0 C 
D 
2. To determine 6.~: 
.42 
...-i +730.0 
~ +175.0 
+ 51.0 
- 21·9 
- 21·9 
+ 9.4 
+ 2.7 
- 1.2 
~ 
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Assume ~A s 11.38 - 730 z 408 'k 
~ == 0.03 (408) s 12.2 'k 
El{n s 0.5 (408) :a 204 'k 
+683 
- 2:.3 
+ 4.7 
+ 5.5 
- 11.0 
- 43.8 
+ 87.5 
+102.0 
+540.0 
D 
OA 408 x 225 x 144 0.025' 
a: 6 x 30,000 X 2942.4 == 
~ _ 0.094 + ll~ : +~ (0.025) 
• 0.094 + 0.053 = 0.147' 
I 
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+842 
B 
+1138 
~ C\I 
,-; 
...:t 
,-; CO I I 
~ 
I.f\ 
,-; 
,-; 
I 0 
D 
MOments in ft.-kips due to ~ = 0.147 ft. 
PC To determine LSAB: 
2.2 
0.9 
+1147 
= 
~~Osll l co C\I , I + I 
A 
+992 
+ 6.2 
0.4 
1.9 
+ 3.8 
+148.0 
+842.0 
IC\I O'\~~ 0 . . . . . C\lO,-; C\J 0\ O'\...:t 0\ ,-;C\JCO I + I + I I 
II 
D 
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Assume ru{n = 1138 - 842 == 296 'k 
296 x 225 x 144 6 ~:z 3 x 30,000 x 2942.4 = 0.03 1 
PC 1138 - 842 ~ z 0.147 + 992 _ 842 (0.036) 
2: 0.147 + 0.071 :c 0.218 1 
B 
A 
s; 
~ 
~ 
I 
+1138 
c 
D 
PC Moments in ft. -kips due to ~ = 0.218 ft. 
4. To determine the moments due to t::. = 2.00' 
56 = 2.00 - 9.218 = 1.782' 
~ = ~ = (0.03) 6 x2~'~~44 2942.4 (1.782) 
= 874 'k 
~JD = (0 03) 3 x 30,000 x 2942.4 (1.782) Ul't • 225 x 144 
= 437 'k 
p 
+1156.0 
U; + 375.0 
+ 3.3 
1.4 
+1533 
A 
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+1359 
2.8 
+ 5.6 
+ 218.5 
+1138.0 
D 
Final Moments in ft. -kips due to D.AB :::: 2.00 ft. 
P 2058 + 1533 1359 - 330 ki 
-::: 15 + 15 - ps 
Canpa.r1ng these results with the results of the "exact method". 
;E )B +1411 C 
+1524 
...::t rl OJ rl l.I"'\ 
...::t 
rl rl I I 
D 
od" F1na.l Moments in ft. -kips due to D.AB z:: 2.00 ft. by "exact JlIeth 
P t = 314.73 kips exac 
Error in P = +4.8~ 
Observations: 
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Error in Moments: 
At A - - - - - - - - + 
At B -
- - + 
At c - - - - - -
1. For final end -moments in the range approaching ul. timate 
moment, using Ki ::I: 0.03 Ke will produce a significant error (moments 
too large).. But for final end -moments in the range where the slope of 
l5~ 
0.fi1, 
3.~ 
the lI:lment-.end slope curves is approximately equal to 0.03, the error is 
small 0 
2. The yielding of any one member will a.l ter the mClDent distribution 
of the entire structure, therefore, the lateral deformations that will produce 
each yielding of any part of a structure must be determined. 
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FIG. 7: IDEALIZED MOMENT -END SLOPE RELATIONSHIPS FOR WF SECTIONS OF ASTM A 7 STEEL 
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